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Outline analyses



Workflow

Shape

Outline analyses

Landmarks analyses

www.anarchiel.com

Králík et al. 2008

van der Niet et al. 2011

Urbanová 2009

www.biology-online.org

Forel et al. 2009



Workflow

1) Data collection

2) Standardisation
(position, size and orientation)

3) Calculation of shape variables

4) Data treatment and visualisation



2D data collection

Semilandmarks (Open outlines)

xy-coordinates of points traced along an outline

Zelditch et al. 2004



2D data collection
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Semilandmarks (Open outlines)

xy-coordinates of points traced along an outline

Claude 2008



2D data collection
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Semilandmarks (Closed outlines)

automatic xy coordinates extraction

Claude 2008



2D data collection

Semilandmarks

equally spaced segments equally spaced angles chaincode



2D data collection

Tangent angles

Curve is expressed as series of angles between semilandmarks Phi function (Zahn and 

Roskies shape function) => eigenshape analysis

MacLeod, 1999



2D data collection

Radius, tangent and curvature function

Artefacts (often pottery profiles) are sometimes expressed by radius function; 

tangent/slope function (1st derivate), and curvature function (2nd derivate)

Saragusti et al. 2005

Karasik and Smilansky 2011 



2D data collection

Problems with homology semilandmarks

It does not have effect overall

similarities/differences between shapes

It may be hard to locate parts which are 

similar/different

MacLeod, 1999



2D data collection

(Partial) solution = Extended eigenshape

Landmarks for homologous points and 

semilandmarks between them

A) The same number of semilandmarks on each 

segment

B) Number of landmarks in each segment varies 

based on its complexity

MacLeod, 1999



2D data collection

(Partial) solution = Sliding semilandmarks

Semilandmarks are iteratively “sliding” along 

outline until the best correspondence is found

Finding minimums by using  Procrustes distance 

or Bending energy

MacLeod, 1999



Workflow

1) Data collection

2) Standardisation
(position, size and orientation)

3) Calculation of shape variables

4) Data treatment and visualisation



Standardization

Outlines are standardised in the same way as landmarks

Functions representations are standardised by (i) the length of curvilinear abscissa, (ii) 

by arc-length, or (iii) by perimeter



Workflow

1) Data collection

2) Standardisation
(position, size and orientation)

3) Calculation of shape variables

4) Data treatment and visualisation



Calculation of shape variables

Semilandmarks => Procrustes analysis

Sliding semilandmarks => Procrustes analysis

Angles/Functions => directly



Calculation of shape variables

Discrete Cosine Transform (DCT)

Uses harmonics (trigonometric cosine waves) to 

describe shape

Principle:
1) Each outline can be viewed as a signal and can be 

decomposed into the sum of waves (harmonics)

2) Each wave is expressed by 2 coefficients

3) If we sum the coefficients, we can reconstruct the 

original shape (Inverse transform)
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Calculation of shape variables

Elliptic Fourier Analysis (EFA)

Uses harmonics (trigonometric sine and cosine 

waves) to describe shape

Principle:
1) Each outline can be viewed as a signal and can be 

decomposed into the sum of waves (harmonics), 

representing ellipses

2) Each wave is expressed by 4 coefficients

3) If we sum the coefficients, we can reconstruct the 

original shape (Inverse Fourier transform)



Calculation of shape variables

Normalised EFA (NEFA)

Normalisation according to the first ellipse

First three coefficients become constant

Usually, we do not use 1st harmonic in 

calculations

Nyquist criterion

Maximum number of harmonics equal half the 

number of coordinates

Lestrel 1989



Calculation of shape variables

Bezier Polynomials

Fitting a curve to an open outline

A Bezier polynomial of degree 𝑞 is a function 

that passes to a sequence of 𝑞 + 1 points
(e.g. for 10 points we can have Bezier polynomial of degree 9)

Decomposition of original coordinates into two 

matrices:

𝑀 = 𝐽𝐵
𝑀 is the original configuration

𝐽 is a 𝑞 × 𝑞 + 1 matrix of Bezier coefficients

𝐵 is a matrix of coordinates for the Bezier vertices

𝐵 used as shape variables

www.wikipedia.org

Wikipedia.org



Case study



Case study on Flanged axes

Middle Bronze Age axes (1650-1350 BC)

Wilczek et al., 2015



Case study on Flanged axes

Checking the current typology of flanged axes

Specific types (Neyruz, Salez, Möhlin, …)

Atlantic vs Oriental type, „Axes-ingots “

Geometric morphometry (EFA)

Wilczek et al., 2015



Case study on Flanged axes

Choice of corpus

Entirely preserved

Not much used

A-priori classified (Atlantic/Oriental type) 

Axe-ingots

Studied corpus

286 axes from 132 sites

121 oriental forms

126 occidental forms

21 axes-ingots

Axes-ingots

Similar to flanged axes

Residual parts on borders

Wilczek et al., 2015



Case study on Flanged axes

Morphometrics

EFA

Wilczek et al., 2015



Case study on Flanged axes

Determination of harmonic number

Visualisation of inverse Fourier transformation

7 harmonics were enough, but 11 kept for

analyses

Q: How many coefficients?

Wilczek et al., 2015



Case study on Flanged axes

Checking the current typology

(Oriental vs Atlantic group)

Principal Component Analysis

(PCA)

Self Organising Maps (SOM)

Multidimensional Analysis

of Variance (MANOVA)

Linear Discriminant Analysis

(LDA)

Wilczek et al., 2015
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Case study on Flanged axes

Checking the current typology

(Oriental vs Atlantic group)

Principal Component Analysis

(PCA)

Self Organising Maps (SOM)

Multidimensional Analysis

of Variance (MANOVA)

Linear Discriminant Analysis

(LDA)

85% success (leave-one-out)

88% success (cross-validation)

Wilczek et al., 2015



Case study on Flanged axes

Making new classification

Gaussian Mixture Model clustering (GMM)

Wilczek et al., 2015



Case study on Flanged axes

Gaussian Mixture Model clustering (GMM)

Model Volume Shape Orientation

EII equality identity identity

VII variability identity identity

EEI equality equality identity

VEI variability equality identity

EVI equality variability identity

VVI variability variability identity

EEE equality equality equality

EEV equality equality variability

VEV variability equality variability

VVV variability variability variability



Case study on Flanged axes

Checking new classification

Visual observation

Self Organising Maps (SOM)

Linear Discriminant Analysis

(LDA)

Kernel density 

Multinomial Scan Statistic (SatScan)

Wilczek et al., 2015
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Case study on Flanged axes

none of the specimens was 

erroneously

classified

Checking new classification

Visual observation

Self Organising Maps (SOM)

Linear Discriminant Analysis

(LDA)

Kernel density 

Multinomial Scan Statistic (SatScan)



Case study on Flanged axes

Checking new classification

Kernel density and Multinomial Scan Statistic (SatScan)

Wilczek et al., 2015



Case study on Flanged axes

Checking new classification

Kernel density and Multinomial Scan Statistic (SatScan)

Wilczek et al., 2015



Case study on Flanged axes

Checking new classification

Kernel density and Multinomial Scan Statistic (SatScan)

Wilczek et al., 2015



Case study on Flanged axes

Interpretations…

Exchanges:

west  <=>  east           yes

south <=>  north          no

Economic/cultural “blockade”
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